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S MG rg u p CHAPTER 4

Ternary Logic Minimization

INTRODUCTION

We already discuss in chapter 1 Boolean algebra which is used for synthesis of logical
expressions. It is also demonstrated that a logical expression can be realized using the logic
gates. The number of input terminals for gate required for the realization of logical expression in
general gets reduced considerably if the expression can be simplified. The simplification of logical
expression is very important as it saves the hardware required to design a specific system.

Basically digital circuits are categories in two ways:
1) Combinational circuits
2) Sequential circuits

In combinational circuit the output at any instant of time depends upon the input present at
that instant of time. This means there is no memory in this circuit. There are other type of circuit
in which the output at any instant of time depend upon the present input as well as past inputs.
This means that there are elements used to store past information. These elements are known as
memory. Such circuits are known as sequential circuits.

Three methods are adopted for the realization of ternary circuit.

1) Adaption of Karnaugh map method

2) Adaption of Quine method: Adaption to ternary case

3) Adaption of Scheinman’s Binary method: Adaption to ternary case.

STANDARD REPRESENTATION FOR LOGIC FUNCTION

Logical functions are expressed in terms of logical variables. The values assumed by the
logical functions as well as the logical variable are in ternary form. Any arbitrary functions can be
expressed as in Sum of Product (SOP) forms. Equations 4.1 shows SOP form of equation.

Y = (A-B-C) + (A-B.C) (1)
FUNCTION MINIMIZATION

One of the basic of logical design is the simplification of a given function. The problem of
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determining the optimal representation of a given function is very complicated and has not been
solved even for the binary case [1]. For function minimization only the cost factor of switching
elements (Transistors / Fetes) is considered. Others factors such as speed of operation of ratability
are not considered [2].

Let us define some basic terms that are modifications of their binary equivalents
Literal: :xf" is defined as literal where a=0, 2, 01, 12, x, 1.
Inclusion: The ternary n- variable function f, include the ternary n-variable function f,
(Notation: f, > f,
If for every gel"
fi(a) = f,(a)
Implicants: Two types of implicants of a ternary n-variable function F are defined.
1) g-type implicants - q)g is a product of irredundant satisfying the conditions
@ (a) < f(a) For every“fl-n
2) h-type implicants- q)g (a) is a product of irredundant literals satisfying the conditions
Lo, (a)<f (a) For every g¢"
Primary implicants:

1) A primary g- type implicant: \{Jg of the ternary function fis g- type implicant of f satisfying
one of the following conditions:

for every g- type implicant - CI)g of f

) Y <O <f=d =Y,

Or

B, (o), (@) <@, (o) 1

For atleast one gel" such that (a)_q) (Ot) -+ (0 and one g-type implicant (I)g of f
g g

2) A primary h- type implicant: ‘{/g of the function f isan h- type implicant of satisfying the
following conditions

Y, 1<, 1< f =¥, =0,
For every h- type implicant of f, and
‘Ph.lf ¢)g

For every g- type implicant CI)g of f.
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A representation of a function f,
f=Yd0 +1>0,
Where the Q)g and @, are g- type implicants of f, respectively, is quasi-basic. If only literals of
the type x° x? x%, x%, x* are included, it is basic.
Simplicity Criterion
Cost function related to a basic representation of a ternary function fis defined as the total cost

of the diodes and transistors needed for the realization of the function. A basic representation is

called minimal when the value of the cost function is minimal.
As stated before we assume the AND (.) OR (+) circuitry to consists of diodes

And the unary function XO, xz, XOI, X% realized by one triode (transistor) each. The function

X" is to be simply identical with x.

Theorem 2: Any ternary function f has a minimal basic representation of the form
f=>W¥ +1Y¥,

Where the \Pg and Wy, are primary g- type and h- type implicants respectively.

Proof: Let f = Z(DQ +1.ZCDh be a minimal basic representation of the function f, where at
least one of the implicants @, is not primary. We have only the following two possibilities:

@, Isag-type implicant. Clearly we can find a primary implicant g  such that
9

D <V, <f

Evidently the basic representation of \Pg does not contain mare literals than @; Also; literals
of the type X* which appear in @, cannot be replaced by literals of the type x* a # X in¥.
Thus, the representation obtained by replacing @, by \{fg will also be minimal.

o, is an h-type implicant. In this case we can find either a primary h-type implecant ¥, such
that

D, <Y,
Or a primary g-type implicant \Pg such that
10, <Y,

Again similar considerations as before show that the replacement of @, by Wy, or \Pg will

result in a minimal representation of f.

The repeated application of the above procedure will finally lead to a representation as

required by Theorem 2.
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MINIMIZATION BY MAP METHOD

Although map methods provide a convenient approach to logical design their applicability in
the ternary case is limited due to the large number of combinations, to functions of up to three
variables.

Two Variables Maps

Atwo-variable map is given in Figure 4.1. The outputs C,... C,can have the values Ci = 0,1.2.d
where d stands for “don’t care.” Arrays of 3% 1,3 % 2,3 % 3,1 %2, 3x1,3x2,3x3,1x2,and
2 x 2 cells of the map correspond to implicants of the two-variable function, represented by the
map. Similar to the binary case the principle of the map Methods-consists, therefore, of joining
corresponding cells into arrays large as possible. The corresponding implicants will be written
in the form

F=g+h.1

The joining of cell is carried out according to the rules.

1) Arrays of 3x1, 3x2 or 3x3 cells may be formed provided the output values coincide with the
values of one of the inputs.

2) It permitted to join (properly) adjacent cells with equal output values.
3) Multiple uses of cells for different arrays are permitted.

4) Cells with the output value 2 can be considered as “don’t care” for the formation of arrays
with the output value 1.

X2 X20 1 5
Ny 12 X1
0| ¢ cy | c3 0 1
1] c4 |5 |6 1N | T2
21 ¢7|cg|co 21\ 0

Fig 4 1: Terary two varizble map  Fig 4 2: Sinplification of 2-variable
function by map method

Example: a map representing a two -variable ternary function is shown in Figure 4.2. The
arrays selected are also included in this figure 4.2. Thus the resulting representation of fis
f=x2+x’1x2x2+1.[x)1+X3]
Three-variable maps
For three variables functions we can draw a three-dimensional map Figure 4.3. But it is more
convenient to use the two dimensional map shown in Figure 4.4. In this map Ci is considered

adjacent to and but not to the method of using this map is similar to the two variable case and will
now be illustrated by an example.
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Example: A ternary three -variable function is represented in Figure 4.5. The arrays marked

lead to the following results.

f=x)%X + %07 +1- X

00 01 210 1 2]le 1 2
00 1 0|1 |c2|¢c3 |cq4 |c5|¢cg |C7 |8 [cs
’ 1E2 2 50 511 %1z 513 514 ®15] G916 | ©17] 18
= 1 2| ©19| 20| ®21| 22| c23| 24 | ©25| c26| 27
2 0
Fig4 3 Three dimentonal 3-variable map Fig4 4 Twe dimentional three variable map
vl
XN 0 1 2]o0 1,210 2
ol Id [ D1 [&] 1[4 [@] 4]
1fo |d|ofo|a|0|d|d]|d
210 |a |d |0 |da]d]d d

Fig4 5 Simplification of 3-vanable functipn by map method

Examples on MAP Minimization Method

Example 1) Design a circuit for ternary output using map method that will have intermediate

level output only when one of the inputs is 1.

Solution: Let A and B be the two inputs. Truth Table 4.1 for the circuit is given below along

Wlth K map. Truthtabled.1
InputA | InputB | Output
o 0 Q
0 1 1
0 2 0
1 Q 1
1 1 1
1 2 1
2 [} 0
B 1 1
2 2 0

By considering above truth table using ternary algebra, we can write output equation for
1I'stermas F = A’B* + A'B? + A'B* + A'B? + A?B* which is not justified output for circuit
implementation as more number of logic gates are required. By using map minimization technique

we can reduce number of logic gates required for circuit implementation. Figure 4.6 shows K-map

for truth Table 4.1

A
BN O 1 2
ol o | M| o
1 (1 1 D
20 || o

K -map for Table 4.1

According to rules explained in above, we can groop all 1’s term. There is no ant 2; s term for
grouping. Therefore the output equation becomes F = (41« (Al + Bl) . Figure 4.7 shows circuit

implementation for truth Table 4.1
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A 1 ]
1 1« [a+ 1)
E

T-AND
Logic1

Figure 4.7: Circuit implementation for truth Table 4.1

Example 2) from the given truth Table 4.2, writes k-map, derive minimized output equation
and implement the circuit.

Solution: Referring to k-map here grouping of 2’s and 1’s is possible. As per the rules explained
above of 2’s as 3x2 is shown by simple bracket and 1’ by 1x3 using simple bracket. Therefore the
final minimized output equationis F = A? + A? 41 (Al) . The circuit for given output equation
is shown in Figure 4.8.

The examples on three variable k-maps are given in chapter 5.

Truth Table 4.2:
A B Output
0 0 2
0 1 2
0 2 2
1 0 1
1 1 1
1 2 1
2 0 2
2 1 2
2 2 2
0
; 0 1 2 A
o] 2[T(M []2 2 0 1
NN 1A _ A+AS4+1-( 4
[ 212 A j)—,
=t Logic 1

(@) (b)
Figure 4.8: (a) K-map for truth table (b) Circuit for given K-map.

THE QUINE METHOD: ADAPTION TO TERNARY CASE

By theorem 2 it is obvious that a minimal basic representation of a given ternary function
may be obtained from its primary applicants. We shall now discuss a method of deriving all
primary applicants which is an adaptation of Quine’s binary procedure [3].The method suggested
is systematic and can be easily mechanized. Furthermore, the procedure can be started from any
basic representation.

Let us introduce some additional concepts required in the sequel.
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The following definitions refer to implicants of a given ternary n-variable function f.
Disjoint Pmplicants
1) Two g-type implicants
a;

_ 1 aji Qjn
Dy=X" XX

D= XXM X
Are disjoint in the coordinate i, if
X X% £ 2
Example: The two g-type implicants
Dy = X X X5 Xy
D, = XX XXy
Are disjoint in the coordinates 1 and 3
2) Two h-type implicates

a

—_ vait i &jn
Op=x".. "X

D, =X XN LLLXe

i ceen n

Are disjoint in the coordinates i, if

A
Example: The two h-type implicants

Dy = XX, XX,

D, = XX X5 X

Are disjoint only in coordinate 1

Consensus

Let @, and @,

D, = XM LXM X

i ceeni A

)
n

D, = X" XX
Be two implicants of the same type and i any coordinate.

If the literal XiX appears in an h-type implicants we first replace it by xi12 . (This step does not
change the function f)

Ternary Digital System: Concepts and Applications | www.smgebooks.com 7



If now for every coordinate j, j # i, the two implicants are not disjoint, the coordinate 7 satisfy
X+ XM =X
a=A,0112

i
The consensus in the coordinate i (notation: O, D, ) is obtained by
1 *
a a a,
O, = (IDK*CI)I =X X X
Where
VL RV T R
X, =Xx"X", j#i
Joining of implicants
Consider a g-type implecant cDg and an h-type implicant D,
Dy =X XX
a

D, = XML

Where a, “contains” the value 2, a,, the value 1(ai =12 “contains” 1 and 2,a=A “contains” the

value 0,1,2 etc.) and for every coordinate |, j #1i atleast one value of x, satisfies the condition
gy o _
X7 X" =2

The joining of (I)g and @, in coordinate i is then defined by
i

a X a,
D, Oq)h =X X X
And
8 _ B oy § o
X, =x0x", j#i
Example: Let
0 12 ,,01
D, =X.X"X
01 1,1
Dy =% XX
For the coordinate 2 the conditions for joining are satisfied and
2
_ w0 ux Yl
D, OCDh =X, Xy X3
We now discuss some properties of consensus and the join.

Theorem 3: Let (I)J. and @, be two implicants of the same type, having a consensus in the
coordinate i. Then

|
(Dj *q)k < (Dj +CI)k
Proof: Let

Q=X XX

n
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D, = XM LXM X

n

We define
aji
D =x" 0,
aI
O, = x4 D,

It is clear that
aji

X (I)j < d)j + (Dk

And therefore
aji

XD, D, <D, +D,

In a similar manner we obtain
2%

X CDJ- .CDk S(I)j +(1)k

By addition of the last two equations we obtain
aji EW

(xi' + X" )(I)j D, <D, +D,

The expression appearing on the left-hand side of the inequality is by definition the consensus
in the coordinate i. The theorem is thus proved.

Theorem 4: Let (I)g be a g-type implicant and ®, an h-type implicant having a join in the
coordinate i. Then

|
(Dg Oq)h = q)g +1.0,
The proof is similar to that of theorem 3.
As an immediate result of theorem 4 and 5 we obtain the following.

Theorem 5: A ternary function f given in a quasi-basic representation will not change if the
following implicants are added:

1) g-type implicants which are the consensus of two g-type implicants or the join of a g-type
implicants and an h- type implicants.

2) h-type implicants, which are the consensus of two h-type implicants.
Algorithm for determining all the primary implicants

Let fbe a ternary n- variable function given in any quasi -basic representations.

f=d0,+1> 0,

It is clear that we can represent this function in the following way:
f=>o, +1.{Z®m +Y D, }
d
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The expression Y @, indicates that the combinations corresponding to the cpgi -scan be taken
as “don’t care” states for the computation of Y ®,.

We shall define two operations that can be carried out on the representations ( ) without
changing f.

Let the representation contain g- type implicants (j[)gi MO NN W such that

g’ gk
(Dgi < (ng Or CDgi.Cng ﬁ q)gk.l

For at least one combination of the variables where @gi _CI)gk # (0 then (I)gi can be cancelled.
Alternatively let the representation contain h- type implicants @, @hj such that

O <D, i# ]

Or

1.CI)hi < (ng

Where q)gj is a g- type implicants of (57).Then @, can be cancelled.

2) If a consensus or a join can be formed from two implicants of the representation [3] the
resulting implicant can be added.

Theorem 6: By the iterative use or the above operations on a ternary function f, representation
as in () a quasi-basic representation is obtained containing all the primary implicants and only
such implicants.

Proof: It is obvious that the use of the above two operations does not change the given function
f

We now show that if a primary implicant v of fis not yet included in the representation, the
procedure is not yet terminated. For this purpose we have to distinguish between the following

cases.
Case 1:letus assume that there exists a g- type primary implicant \}lg that does not yet appear
In the representation, i.e.
Wy, < f
lI—’g ﬁ (I)gi
For every (I)gi in (19)
Case 1a: No g- type implicant (Dg of fproperly includes lyg .
In this case there must exist a g- type implicants #, such that

1) D <Y,
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2) (Dg ﬁ (I)gi
3) (I)g Does not properly include an implicant satisfying (2)
Two alternatives are still possible.

(Dg Contains literals of all the variables where exactly one of the literals is of the type x’ x’ or
x’Let
_ na ] a,
O, =a"....q" ...
Where a,= 01 or 12
We can separate this expression into the two following ones:
D, =X XX

gl i n
D, = XXX
Such that
X+ X =a}
x™.x =0
Due to property 3 of (I)g the representation must contain implicants (ng and Cng of the
form

Dy = X" Dy

Cng = Xibil cI)gk

Where

XM > X

Xz > x4

We can separate this expression into the two following ones:

Dy = XXX

1 EEREEEAY

D, =X XX
Such that

X+ X = a

XM x =0

of (I)g the representation must contain implicants Cng and (I)gk of the form

Where

Ternary Digital System: Concepts and Applications | www.smgebooks.com 11



by 8
Xt = XM

Xibi 2 > Xiai 2

And the literals of (I)_gj and (D_gk are part of the literals appearing in (Dg
Hence the following consensus may be formed.

Py =Dy :c(Dgh =0,

Where

q)gl f q)gi

Thus the second operation is possible.

CDg Contains literals of all the variables when exactly one of them is of the type X* and all the
other of the type x° x'orx?.

i) We can show similarly to a) that a join may be added. Clearly these two alternatives are the
only that can exist.

Case 1b: \Pg doesn’t satisfy the conditions of case 1a but

VY, 0,<D,.1

9 =
For at least one combination of the variables, such that\Pg _cDj # (0, and at least one g- type
implicants CI)gj .

In this case the representation must contain at least one CD such that

VYV, ®,<d,.1

g =

For at least one combination of the variables such that 1}1 ,q) [ # 0.

The same (I) appears in the expression 1, Zq) and therefore the join may be added.
1

Y, D,
°0

Case 2: There exists an h-type implicant ¥, not contained in the representation. Similarly to
case 1 it is easily shown that a consensus may be added.

(Note: a literal Xix appearing in an h-type implicant can be changed, as we have seen, to Xi12 )

Let us now show that it is impossible for the procedure to terminate as long as the
representation contains an implant @, which is no primary. As every implicant D, which is not
primary is included by primary implicant there are two possibilities.

1) This primary implicant appears in the representation and ®, can therefore be cancelled.
2) This primary implicant does not yet appear and therefore the procedure is not yet
terminated.
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It is also clear that the procedure is finite. Implicants which have been cancelled will not be
added again implicants, and which have been added once will not be added again.

The applications of the algorithms described will be illustrated by an example.
The following three variables ternary function is given:

Example 3) Suppose given ternary function is:

0,00 WIyly0, 020, 220,001, 221 002 1100 (12,0 2yl V2 2 222 022 1,002yl 2, 12,2
f :Xi'XZ'XS +X1'X2'X3 +X1'XZ'X3 +X1'XZ'X’3 +X1'XZ'X3 +X1'X2'X3+X1'XZ'X3 +X1'X2'X3 +X'1'X2'X3 +1'[X1'XZ'X3+X1'X2'X3 +X1'X2'X3 +X1'X2'X3]+[X1'X2'X3 +X1'X2'X3 +X1'X2'X3Jd

The brackets marked by d correspond to “don’t care” combinations.

The given implicants are written in two separate columns, one for the g-type and the second
h-type implicants. The implicants corresponding to the “don’t care” combination will be marked
by d. Obviously all the g-type implicants appear as d’s in the h column.

To simplify the notations we shall indicate an implicant x,*...x,%... by the a’s only. The literal

x'2 will be written as2, the literal x°! as 8-and x“as A.
For example, the four variable implicants xlol,xé _xiz will be written as 61®2:

The procedure is best started from g-type implicants. All the g-type implicants may then be
added as “don’t care” to the h column.

Clearly an implicant obtained from “don’t care” implicants only is also a “don’t care” implicants.
Throughout this procedure “don’t care” implicants obtained must be marked as such (by the
letter‘d’) this information is of course essential for the last step, the selection of the primary
implicants.

Figure 4.9 shows the complete procedure of forming consensus implicants from g-type

implicants of f. This figure indicates how every implicant is obtained or cancelled.

Not every implicant added entails the canceling of the original implicants. For example the
addition of implicant 9, obtained from implicant 1 and 3, results in their canceling. However,
implicant 11 is obtained from 2 and 9 but only implicant 2 may be cancelled after implicant 11
has been added. Implicant 12 is obtained from 5 and 7 but neither of the original implicants can
be cancelled.

The procedure for h-type implicants is similar. After adding all g-type implicant marked as‘d’,
the list shown in Figure 4.9 is obtained. The next step consists of generating all join-implicants.
Figure 4.10 gives this procedure. The two columns are listed again (cancelled implicants have
been omitted.)

Let us examine some examples. The g-type implicant (0 A 0) can be joined with 0 A 0 (d) which
appears in the h column. The result 0 X 0 is included by 0 A 0, but it satisfies the condition

(0X0).(04A0)<040.1
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For at least one input combination. Therefore 0 X 0 is primary, and thus added to the list.
Another join implicantis 2 X 1,

229522%:2)(1

This expression is notincluded by any other g-type implicants appearing in the representations
and satisfies therefore the first condition for primary implicant.

It is clear that the implicant obtained by joining “don’t care” implicants need not be added.

Having reached the stage where it is no longer possible to apply the operations of the
algorithms, we know by theorem 6 that all the primary implicants of the function have been
derived. The function may now be represented as sum of all its primary implicants. Implicants
known “don’t care” are of course, omitted at this stage.

The result according to Figure 4.10 is

0 01,120 ,,01,0,2 2,01 01 % 0 X 01 12 Dlle 12 12 12,122
PG00 000G X1 HILIGG XK XK KKK G X XX + X X3+1[X1 XX XX+ X X X3+X1Xz]

g-type implicants h-type implicants
040 21
eho a12
#02 b
00a 224
228 1a2d
1424d 040 4
4190 3’\40 4
X0 Yo 4
£4%0 0084
00X Lazo
21%1
X20
1X2

Joining procedure

Figure 4.9: The joining procedure.

Soptonn Implicant  Obtainedfrom  Cancelled by g-type implicants hrvpe implicants
1 (¥ s e s
= e 1 i :
i o= : St 226 142 4
L =22 given 10 “implicants ot B oas
’ e i3 221 aho a
* At i 9 a 202 4
? LA B —ea 004 g
s qﬂu —, 1 080 EET
9 oa0 1;3 #_;4 L a20 4
18 = = 16 o 2ha
1 #po %5 02 [
1 02 sky doa i
1 0o & sis 224 EEE]
14 24° 6% 10 1a24 s
1 1424 8 a0 a2
16 a20 9* 10 *}‘
s

The consensus procedure for g-type implicants o Bt procedans forod biypsapiicants

Figure 4.10: The consensus finding procedure for g-type & h-type implicant.

Ternary Digital System: Concepts and Applications | www.smgebooks.com 14



Thelaststep of theimplification procedureisthe selection ofaminimal costbasicrepresentation
out of the list of primary implicants.

The application of McCluskey’s method to our example yields the following representations:
01,12 ,0 0,0 2 2,01 2.2 2 12 12
f:@xrg+&xfmy@%-ﬂ{&%+&xr&]
Procedure for Minimization

Comparing with other minimization techniques it will be found that the ‘' variable of the
redundant term takes three possible values 0, 1 and 2 in the triplet of three other forms. The

remaining (n-1) variable of the redundant term are each identical to the corresponding (n-1)

«w n

variable of the triplet, where in any of the triplet term is taken as being equal to 0, 1, 2for

purpose of identity comparison.
Minimization procedure for the function z= ) ABCDE........

1. Expand each term of given or function into all its minimum polynomials (e.g.

XOXGX; + XIXZ + X X9 X2 = 2011+ 0002 +1020) since X, is absent it is treated as 0 and

so on for remaining variables.

2. Add together the values of each of the n variable in each midterm and establish the order

of each mean term.
Make column of the all midterms
Delete the each duplication in each column

Compare each term in the column with all other term in next other columns.

oS oW

For forming the decimal order, write order 1 such that alembic sum of total no of variable
is one under order one, repeat the procedure for decimal order till final order get obtained.
In this case it is 6.

7. Repeat the procedure 4,5 and 6 till term looking for complete variable is obtained.

8. The remaining terms shows the final minimized result.

Example 4) given ternary four variable function
f = X2XEXG + XIXZ + XXOXE + XIXOXE + XOXOXIX; + X XaXs + X5 X, + X X5 X,

By expanding above terms, we can sum up midterms as:

211 0,2 1,02 1,,0,,0 1,001 1,11 2,1 1,11
Xl X3 X4 X2 X4 Xl XZ X3 Xl X2 X4 Xl X2 X3 X4 Xl X3 X4 XZ X4 Xl X2 X4
2011 0002 1020 1000 1001 1011 0201 1101
2111 1002 1021 1010 1111 1201 1111
2211 2002 1022 1020 1211 2201 1121
0012 0211
1012 1211
2012 2211
0022 0221
1022 1221
2022 2221
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Tabulating in resultant decimal order

Decimal order 0 1 2 3 4 5 6 7
2002 2012
1020 1012 1022
1002 1021 1211 | 2022
1010 | 0012 1111 2201 | 2211
List of all midterms | _ | 1000 | 0002 | 1020* @ 1201 1121 | 1221 @ 2221
1001 | 1011 | 1111* | 1022* | 2211
0201 0022 | 1211*
1101 0211 0221
2011 2111

Compare each term with all other terms looking for complete variable.

1000 | 1000 0002 | 0002 | 1010
1001 | 1010 1002 0012 | 1011
1002 | 1020 2002 0022 | 1012
100- 100 -002 002  101-
1001 | 1001 1020 | 1002 0012
1101 1011 1021 | 1012 | 1012
1201 | 1021 1022 | 1022 2012
101 101  102- | 102 | 012
1011 | 0201 0201 | 1101 2002
1111 0211 1201 | 1111 | 2012
1211 0221 2201 | 1121 | 2022
1-11 | 02-1 | -201 | 11-1 | 202
1021 1201 | 0022 | 0211 | 2201
1121 | 1211 1022 | 1211 2211
1221 1221 | 2022 | 2211 | 2221
121 121 | -022 211 | 221
0221 | 2011
1221 2111
2221 | 2211
221 | 2411
Tabulating above lines in ‘-’ order.
XXX- XX-X X-XX -XXX
100
:
100. 100 1-01 -102
111 -201
101- 02-1
102, 111 1-21 -022
2-11 211
20-2 o1
121
22-1

Comparing each term in each column, looking for complete variable

Tabulating above surface in ‘-’ order.

100- | 10-0 00-2 | 10-1
101- | 10-1 | 10-2 | 11-1
102- | 10-2 @ 20-2 | 12-1
10-- 10-- -0-2 1--1
02-1  1-01 @ -002 | -201
12-1 | 1-11 | -012 | -211
22-1 | 1-21 | -022 | -221
-2-1 1--1 -0-2 -2-1

XX-= | XX= | XX- | X=X | X=X | =XX

-0-2
10~ oy 11
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No further variables are available in above tabulation. Therefore this is the minimization, as
terms by themselves.

Therefore given expression for outputis: f = xllxg + xfxg + X22X‘11 + xllxi + XfX%Xi
SCHEINMAN'’S BINARY METHOD: ADAPTION TO TERNARY CASE

By following the method [3], which is an adaptation of Scheinman’s binary method [4], near
to optimal solutions can be derived. The advantage of this method is that the procedure is m
previous one, as some of the primary nonessential implicants are cancelled automatically during
the simplification process. Here, again the last step is the selection of a minimal representation
from the list of implicants obtained. This selection is made in the same way as in the modified
Quine procedure described in the previous section.

On the other hand this method is only applicable to function given in canonical sum form.

The method is based on the iterated use of the expansion Theorem. The given function is again
separated into g-type and h-type implicants. i.e,

f=g+1lh
Each of these secondary functions, g and h, can be expanded in the following way:
0 1 2
O (X %) =X G (0, X0y X, )+ G (0, Xy X, )+ X7 (0, Xy X))
and similarly for h.

The following explanations deals with the g function. Clearly the same considerations apply to
the h function also.

The expansion of g about x, can be written as

O(Xpyeeeens Xy ) = X0 + X1, + XU,

The residue functions r, r,and r,are, of course, sums of implicants.
We distinguish between the following possibilities.

1) The three residue functions are equal

r,=r,=r,=r

In this case we write
0 1 2 0, 1, 2
g = X0+ X1+ X1, = (X + X+ )r =T
This means that the appearance of x, in the secondary function g is not required.
2) There exists a residue function r such that

r<r,
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In this case

9 :xf(ro—r)+xll(r1—r)+xf(r2—r)+r
Where e.g,, I,is r are the impliants of Iy not appearing in r?
1) There exists a residue function r such that
r<r

r<n

Or

r<n

r<r,

In this case

9= (1, )+ X (- )+ X X0

Or

9=XT+x (L—=r)+x (r,—r)+x’r

2) If none of the above conditions are satisfied the original expansion of g about x, is left

unchanged,
g= X10ro +X11I’1+X12I’2
The Scheinman’s technique is based on the iterated use of the above expansion rules.
Product of literals Xf1 peeen X:“ appearing in the canonical sum form are called atoms.

The atoms will be written in two columns corresponding to g-type and h-type atoms. They will
be denoted the same way as previously, e.g., xf,x;_x32 is written as 012. “Don’t care” atoms are

marked byV. The g atoms are also included in the h column, marked by.
Following are the Simplifications Rules

1) The first expansion is about x,. The column considered (g or h) is split into three columns
with the headings X10 , xi and xf . The entries in these columns correspond to the atoms containing

X10, Xl1 or X12 , respectively. Only the exponent ofxz, X are listed in these sub columns.
2) Entries derived from “don’t care” entries are also marked as such.

3) If the columns of Xf and X11 contain the same entry this entry is also listed an additional

column with the heading xlol, and the original entries are marked by\/. Similarly if the same entry
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appears in both the X11 and xf columns it is also listed in an additional column )(112 and the
original entries are marked byV. If an entry appears in all the three columns xlo, Xll and Xf it
listed in both the columns X112 and furthermore in a new column X;.

In the three original columns and in the columns X101 and X112 this entry is marked by.

4) Entries appearing in corresponding positions in the expansion for g and h are now examined.
If the same entry appears in column X11 in h and column X12 in g itis listed in an additional column
in g headed by Xlx , and the original entries are marked by

If the same entry appears both in the X’ and Xlx columns in g, it is marked by V in the Xlx
column.

5) If all entries of a column are marked\/, the column is cancelled.
6) Each of the derived columns is expanded about x, and so forth, for the other variables.

In the expansion about the last variable all the residues are A (where A denotes
nonappearance).

At the end of this procedure the resulting implicants are found by moving upwards from any
lowest entry which has not been cancelled and writing down the product of the literals heading
the columns we pass while moving upwards.

The result obtained is the sum of g-type and h-type primary implicants. Although not all
the primary implicants appear, it can be easily seen that the essential do. Clearly as not all the
primary implicants appear only near -to - optimal representation can be expected. The complete
procedure above is illustrated with the example.

Example 5)

0,00, 01,0, 02,0 0001 0,002, 110 120 2,20 2,21 2yl b 212 2322 022 1302 yly2 | yly2 2
f= Xi'XZ‘X’A +X1'X2‘X’A +X1'X2'X3 +X1'XZ'X3+X1'XZ'X3 +X1'XZ'X3 +X1'X2'X3 +X1'XZ'X’3 +X1‘XZ'X3+1‘[X1'XZ'X3+X1'XZ'X3 +X1‘X2'X3 +X1'X2'X’j]+|:xi'x2'x3 +X1‘X2'X3 +X1'X2'X3]d

g-type atoms h-type atoms

LU [ S e S
50 ml z? g0l kil g g8
00 10v20v 10 02V 2020

10,200,321 20
20,32+ 02 T T T i |
0 12w ‘ \—\ gl gl g2 20 2 5t
02,22 v 22 127 10 11 12v Y n
9 ’f"!zl‘z:‘!z” i 00/ 20+ 12+ 10 12 20
i

ORI COR = OO ON M=

T
295! 52500 i x®

i O 10v 02 22  20v 23
IR T N 7 1

1 1 !

i | ) 0w

34 13 13 540 w0 200000 g2 3 i

k4 T3 Iy x4 3 g agle 3 | | 2,2 .12 2.2 12 52
. (] i 5t xp? nt 22 l? g
IS 5868 8 8 f W20 T o2 o

2 g% 2 o g !
000 10x0 22l aflgled M el 2220 2 o 3w e

2
32l xd g2 L] xp? !i‘
o H v
& o7 8 ll\ o ?
1
] !l’z'zuzf xf 22

Scheinman’s method simplification procedure
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The result is therefore
f=x0 XS+ X0XS + XXX+ XEXEXE + X2 X + XX XS +1.[xf.x§2.x§2 + XXX+ xzz.x;]

Example 6) Consider full adder Table 4.3 for minimization by using modified Schiman binary
method.

Truth table 4.3

C

%]
3

x
ONPFPNRPORONNERERORONONRRONONRERNEREROC

N

Carry _,

N NNNNNDNDNNR R RRRRRRROOOOOOOOOX

NNN R R RPROOONNNRREREOOONNNREREROOOX
NROoONRONRONRONRONRONRONRONRO
NRRrRPRPRRPRPRORRRRROROORROROOOOO

£ waphcant
ooz
01 1
020
101
110
) (i
200
212
221
l_u i 2 I ! !
Yo Xo x5 &5t xid 4
(12 *Comtmmwd & Contrmwd g . =
11 omeward omvard
20
> T T T T T
Xy x} 12 -l sl
2 _ 1 ] 0 _ = = =
T T Tl T [ T T Exmill L T I T | I T
74 JEs T NI O R T L D I el el e T 12 A
X2k a2 X VAN Rp W ak X TR Xy ok alait
SRR g N T G TS
232 %2 xipl xg xixg
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¢ implicant

a0z
011
020
101
110
122
200
212
221
—_—
i et
xg x} X
I
01
10
22
T T | 1 T
0
51 x! X xPLi xdt
1 0 ) 2 i .
T 1T |011||||||1'||
x; ! . X 3 g . 1] y .
X7 xd x2 aftal®al. 2 af 22 xP P atoaf of a2 a2 xt
- 9 - R 0 . . =t il S ghiiE e
 Qove I
xhadxd x§ xixg xdx3d
g mpheant
00z
011
0zo
101
110
122
200
212
221
e
(O z
Xg X5 X,
i
00
12
21
T T T T T
0
o B W il
0 2 g 1 2 %
P P SRt e (0 s i E T [ ] ) G e T [
Fes 12 A g0 T ! ;
X ed o a0 af? . x§ od o aQlad?a xf xd xF A0 xf?ad
LR st S e e e s
x5 xdxd x§ xjx} g ¥
hmmplicant
001
010
022
100
112
B a3l
202
211
220
L ] T I
Q 1s .
x X x2 2k ol ga
01 = Contmed = Cossmed - - =
Al ]
10
22
r T ) I I
0
X . 2 oL 12
1 .]_% xy X3 Xy
1 i) ] - -
L o (SN S 0 L P O T I S T
¥ x} x2 2P xl?xb. 3f kel oF A0l X% 2 ol x2 xPxilal
T S B e AT e S i
0,051
x9x0x1 x8xixd c§rfri
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hmplicant

[T R,
B DR DD
Do B DD

LI I B T
0 .0
x3 xl x3 9 x}? x8. x8

,_._.
*
e

X
=

T | | Ll T T | | T T T T I | T T
x} v xt iR 2 v} x5 xft i Al xd a2 ki xl? x5
] 0
x2 wxixd xZx2xd
In this example the procedure yields all the implicants participating in the minimal-cost
representation obtained previously and will therefore lead to the same solution. However, this is

not true in general.

Ternary switching appears especially promising connection with control circuits, coding
circuits as special purpose computers. Further investigations as the advantage of such application
are recommended.

There are other minimization methods described by [5-7]. T .C. Yang & A. S. Wojcik have
suggested an algorithm for the minimization of ternary switching function which gives all prime
implicants and a minimal cost static and dynamic hazard free ternary switching function. P.W.
Besslich [6] described a heuristic method to obtain near minimal covers of multivalve switching
function. S. C. Kleen [7] has described Algebra for regular ternary logic function. Y. Yamamoto and
M. Mukaidono [8] considered special ternary functions for treating ambiguity in circuits.
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